Abstract: Due to accurate capability to detect weak signal, chaotic oscillators have become an interesting topic for many scientific researches. In this paper, two hyperchaotic Lorenz systems are presented to detect weak signal. These systems are chosen because of their parametric variety and high applicability. Dynamic behaviors of two hyperchaotic systems are analysed in detail. For this purpose, the Lyapunov exponent values and bifurcation behaviours of two hyperchaotic systems are analysed for weak signal detection applications. The relationship between the system state and the amplitude of the weak signal is defined by examining the Lyapunov exponents of the system. So, dynamic characteristics of two chaotic oscillators are observed by this way. The critical chaotic parametric threshold value of a chaotic system is easily determined by the bifurcation analysis. The bifurcation threshold value named as tangent bifurcation point is the most suitable one to detect weak signal. For this purpose, the tangent bifurcation points of these systems are determined via bifurcation analysis. Additionally, weak signal detection applications of two hyperchaotic systems are also studied. The applicability of the proposed systems is shown by these applications. These systems also detect the weak signal with low signal to noise ratio (SNR). Simulation results obtained from Matlab-Simulink ® program verify the studied method.
INTRODUCTION
Chaos theory explains the complicated behaviours of a nonlinear system. Chaotic systems are seemingly random and depend on the initial conditions sensitively. These systems have sensitive dependence on the internal variations of initial conditions. Besides this, they are immune to background noise. Because of these features of the chaotic systems, this theory has become a hot research topic. In 1963, Lorenz presented a new chaotic system which consists of nonlinear differential equations known as the Lorenz attractor [1] . Since then, the phenomenon of chaos has become an attractive research topic on many chaos-based technologies and information systems [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] .
In 1992, Birx showed that chaotic systems are sensitive to weak signal but immune to the noise [12] . In the last two decades, many studies have been made on signal detection [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Li and Yang used the modified Duffing-Holmes equation to detect nV level signal [24] . Chunyan and Yaowu presented the Melnikov method to observe the threshold value of oscillator and used crosscorrelation method to get lower SNR threshold [25] . But the precision of threshold value is low at Melnikov method. Furthermore Melnikov function is very complex [26] . On the other hand, many researchers determined the threshold value of a chaotic system via Lyapunov exponents method [27, 28] . These studies showed that Lyapunov method increased the detection accuracy.
Additionally the hyperchaotic systems have become a focal research topic. Very recently, many studies have been made on hyperchaotic attractors and their dynamical behaviours [29, 30] . This paper is organized as follows: in section 2 Basic principles of Lorenz System and two hyperchaotic Lorenz systems are examined. The relationship between the system state and the amplitude of the forcing term is defined via Lyapunov exponents of the studied systems. Bifurcation analysis easily determines these systems' critical tangent bifurcation points. This critical point is the most suitable one to detect weak signal. For this aim, the tangent bifurcation points of these systems are determined by bifurcation analysis.
In Section 3, weak signal detection based on chaos theory is presented. Detection result comparisons of the studied systems are given in this section. Summarized simulation results show that this method is simple and effective. Section 4 contains the conclusions.
BASIC PRINCIPLES OF SINUSOIDAL FORCED LORENZ SYSTEM 2.1 Traditional Lorenz System
Traditional Lorenz chaotic system's dynamical model is as follows:
( ) x a y x y cx xz y z xy bz
where x, y and z are state variables. When a=10, b=8/3 and c=25, the system shows chaotic behaviour. The chaotic phase portraits are shown in Fig. 1 . 
Generation of Four-Dimensional Hyperchaotic
Sinusoidal Forced System-A The simplified Lorenz system-A is described as follows [31] (5), the structures of the sinusoidal forced Lorenz system-A and system-B are apparently more complex than the original system.
Lyapunov Exponents and Bifurcation Behaviour
The Lyapunov exponents (LE) examine the dynamic characteristics of the dynamic system. They are parameters used to make a decision about a nonlinear chaotic system. Therefore, these exponents help to judge whether a chaotic system is in chaos state or not [33, 34] . Poincare map of a four-dimensional non-autonomous system is:
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For the purpose of calculating Lyapunov exponents, Jacobian matrices of System-A and System-B in Eqs. (3) and (5) must be calculated. Jacobian matrices for System-A and System-B are respectively as follows: , ,
n n n n n P y z u x , the Jacobian matrix of previous (n-1) th point is: For a four-dimensional system, when all four exponents are negative, the system begins to converge to a fixed point. When the Lyapunov distribution is (0, , , )
− − − and ( , 0, , ) + − − , the system state seems like a limit cycle and a strange attractor respectively [31] .
When the system is in chaotic state, there are four exponents. The first exponent's sign is positive, the second exponent's sign is zero, the third exponent's sign is negative and the fourth exponent's sign is negative. If the first exponent shows a rapid decrease to negative value, the system state seems like a large scale periodic state. If the Lyapunov distribution is ( , ,0, ) + + − , a hyperchaotic motion appears. Tab. 1 shows the relationship between the Lyapunov exponents and the system's state. Complex dynamical behaviours of a chaotic system can be easily obtained by examining the bifurcation behaviour [35, 36] . Bifurcation analyses in this work show that the studied sinusoidal forced Lorenz systems exhibit different system states such as limit cycles, chaos, tangent bifurcation and great scale periodic.
The threshold value of the system can be obtained by determining the tangent bifurcation point. Detection of this bifurcation threshold value is required to detect weak signal. In this way, the detection process is eased.
Lyapunov Exponents and Tangent Bifurcation Analysis of Sinusoidal Forced Lorenz System-A and System-B
In this section, the dynamical behaviour of the chaotic sinusoidal forced Lorenz system is analysed via Lyapunov exponents and bifurcation diagrams. 6.429 ω =
WEAK SIGNAL DETECTION BASED ON CHAOS THEORY 3.1 Weak Signal Detection Principle
Chaotic system state rapidly changes from chaotic critical state to great scale periodic state on the tangent bifurcation point. This critical point is used by detection system to detect weak signal easily. In order to detect weak signal by system-A, an input which includes weak signal and noise is added to Eq. (3). 
The same is valid for system-B in which an input which includes weak signal and noise is added to Eq. (5). 
where input is:
sin( ) r ωt is weak signal and ( ) n t is the Gaussian white noise in Eq. (12).
Signal to Noise Ratio Analysis
The signal to noise ratio (SNR) is defined as ratio between the average power of the weak signal and noise [15] . The input SNR can be written in the following equation:
( ) s H ω is the power spectrum amplitude of the weak signal and ( ) n H ω is the power spectrum amplitude of noise. These can be decomposed as:
Eq. (13) can be expressed as:
where n P is noise power and r is amplitude of the weak signal. Eq. (16) 
Simulations and Results
The simulated models are constructed by using Matlab-Simulink ® software. The fourth-order RungaKutta algorithm is used to solve two Lorenz systems. The diagrams of chaotic detection systems are shown in Fig.  10 and Fig. 11 respectively. They include signal source, integrator, gain and function. Simulation time t is 150 1500sn
− .
Figure 10
Simulink diagram of the chaotic detection system-A Figure 11 Simulink diagram of the chaotic detection system-B The detection application is explained in the following steps:
Step-1 Put the noise into the system, when the system is in chaotic state.
Step-2 Observe the value of parameter c . If the value of c is on the first tangent bifurcation point, the system state will change from chaotic critical state to great scale periodic state. Note this value of c . Step-3 Put the weak signal into the system. Observe the value of parameter c. If the value of c is on the second tangent bifurcation point, the system state will change from chaotic critical state to great scale periodic state. Note this second tangent bifurcation point. Weak signal amplitude is equal to the difference between two tangent bifurcation points. Tab. 2 shows comparison of detection results.
As can be seen in Tab. 2, the experiment results demonstrated the relation between noise power and noise effect. It shows that when the value of ω is 10 in the system-A, the weak signal detecting accuracy is high. Additionally, when the value of ω is 9.6 in the system-B, the weak signal detecting accuracy is also high. The simulation result shows that these two systems have high weak signal detection accuracy. Finally, SNR analysis is studied. In order to Eq. (17) the smallest reachable SNR threshold is: 
CONCLUSION
In this paper, we proposed two hyperchaotic versions of the Lorenz model called sinusoidal forced Lorenz system-A and system-B to detect weak signal. For this aim, the Lyapunov exponent values and bifurcation behaviours of two hyperchaotic systems are analysed for weak signal detection applications. The relationship between the system state and the amplitude of the weak signal is defined by examining the Lyapunov exponents of the system. So, dynamic characteristics of two chaotic oscillators are observed in this way. Additionally, a chaotic system's complex dynamical behaviour is easily determined by bifurcation analysis. The tangent bifurcation point is the most suitable one to detect weak signal. For this purpose, the tangent bifurcation points of the studied systems are determined via bifurcation analysis.
Finally, weak signal detection applications of two hyperchaotic Lorenz systems are studied. The chaotic detecting systems' SNR analysis is studied too. Simulation block diagrams of chaotic detection systems are designed in Matlab-Simulink ® . The studied systems' dynamic analyses show that these systems have not only parametric variety but also high applicability. Additionally, simulation results indicate that these two hyperchaotic systems can detect weak signal with high detection accuracy and low SNR. Further study should be done on weak signal detection application with lower SNR.
